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Abstract 

Suggestions concerning the generalization of the geometric quan- 
tization to the case of nonlinear field theories are given. Results for 
the Liouville field theory are presented. 



*Presented at the XVI Workshop on Geometric Methods in Physics, Bialowieza, Poland, 
June 30 - July 6, 1997 



1 



Significant part of cosmic rays is connected with the existence of black 
holes predicted by classical theory of gravitation. However, correct descrip- 
tion of these data can be done only in the framework of quantum theory. 
Elementary particles produced in laboratories are well described by the stan- 
dard model. This model, however, is a phenomenological one; it has nearly 
20 free parameters. 

To describe satisfactory both celestial and terrestrial data we should quan- 
tize, in a rigorous way, the Einstein general relativity and the Yang-Mills 
theory. Both theories are nonlinear field theories. The problem is that such 
theories have infinitely many degrees of freedom and the space of solutions 
to the field equations is not a vector space. 

We have a few methods of quantization. Geometric quantization is 
a method that has sound mathematical foundation and properly describes 
simple systems with finitely many degrees of freedom. It is not clear, however, 
if we can generalize this method to the case of nonlinear field theories. 

Both general relativity and Yang-Mills theories are rather complex theo- 
ries. It is perhaps reasonable to apply geometric quantization first to simple 
integrable systems to establish the framework. An example of such a system 
is the 2-dim Liouville theory [0. The initial value problem for the Liouville 
equation reads: 
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(d 2 t - d 2 x ) <p(t, x) + ^- exp <p(t, x) = 0, m > (1) 

(2) 



| <p(0,x) = <f>(x) 

Equation (1) appears, e.g., in the context of the SU(2) Yang- Mills theory 0. 
Fields which minimize locally the Yang-Mills finite action in 4-dim Euclidean 
space have to satisfy the equation F^ v = F^ v (where F^ u := ^e^x^F^ ). So- 
lutions to this equation invariant under 3-dim rotations combined with gauge 
transformations satisfy Eq.(l). Complete solution of the Cauchy problem 
for the Liouville equation was obtained in late 70-ties [f|]. One can easily 
check j|] that Eq.(l) is satisfied by the function: 



(p(t,x) := -lo, 

where 



—F (t, x) 



(3) 

F(t, x) := X i{x + t)4j{x -t)+ X2{x + £)V>i(z - t), (4) 
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and where Xk,?Pk (k = 1, 2) are any functions that fulfill two requirements: 

/ X1X2 ~ X2X'l = 1 ( r\ 
\ = 1 1 ' 

The solution (3) can be singular if there exists (t ,x ) G -R 2 such that 
F(to,xo) = 0. Applying the implicite mapping theorem to Eqs. (3-5) one 
can prove || the lemma: 



(3 (t ,x ) G R 2 : F(t ,z ) = 0) — ^ ^ 



3 R 3 t — > G i? such that 
x and F(t,x(tj) = 



The domain of the mapping x(-) is the entire set of real numbers. 

Solutions that satisfy the initial value data (2) specify fa and Xk 
(see i): 

H = tt ^ for A; = 1,2 (6) 
( Xk = w Xk 

where 

f u := i [(0' - tt) 2 - 4(0' - tt)' + m 2 exp 0] 

\ :=^ [(</>' + vr) 2 - 4(0' + 7r)' + m 2 exp</>] UJ 

Corollary resulting from the lemma is that 

((0, tt) G C°°(i?) x C°°(i?)) =^ (if G C 00 ^ 2 , i?)) (8) 

From now on, we only consider the smooth solutions. 
The space of initial data T := C°°(R) x C°°(R) is a Frechet space. How- 
ever, the set of solutions 

M:=[ v e C°°(R 2 ,R) I if satisfy Eqs.(l) and (2)} C C°°(R 2 } R) 

cannot be a Frechet space, since it is not a vector space. 

It turns out that T and M. are homeomorphic. The proof is elementary 
but lenghty. Details are given in Ref . [5] . Consecutive steps of the proof are 
roughly the following: 

1. One divides the mapping S : T — > M. into a few mappings: 

and proves that Si, S 2 , ■ ■ ■ , S n are continuous. Then, S := S n - . . .■ S 2 - Si 
is continuous as a composition of continuous mappings. 
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2. The inverse mapping is continuous as it is defined by: 

S-i :M3<p=> S~\<p) := (<p(0, •), <M0, •)) e T 

3. Since we consider the solutions of the Cauchy problem we get 

S ■ S^ 1 = 1m and S~ x ■ S = 1? 

This completes the proof. 

The geometric quantization procedure assumes that the phase space of a 
given classical system has the structure of a manifold. In the case of a simple 
system with n-degrees of freedom the phase space is a manifold modelled on 
R 2n . In the case of a field theory we would like to have an object that we 
could call a manifold modelled on a Frechet space. The homeomorphism of 
T and M. gives M. the structure of a topological manifold modelled on T . 
There is only a single chart (Ai, S^ 1 ). 

The starting point in the geometric quantization procedure of a mechan- 
ical system is to express the evolution of the system on the phase space in 
terms of symplectic geometry. Can one follow this procedure in the case of 
the Liouville field theory? We shall try to answer this question in the near 
future ||. 
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